In this paper, we present a proper quantum system to perform different tasks of quantum information processing with optimal conditions. We study the populations, entanglement, and nonclassical properties of a system consisting of three level atom interacting with a nonlinear Kerr medium field constructed in the framework of generalized Heisenberg algebra. We quantify these quantities in terms of different parameters involved in the whole system considering the case of moving and stationary atom in the real experimental meaning of the coupling constant. The nonlinearity introduced by these kinds of fields play a useful role to create high amount of entanglement during the time evolution. Interestingly, the relationship between the degree of nonlinearity and robust of entanglement is explored in this present model.
Introduction
Coherent states were firstly introduced by Schrödinger [1] in the context of the harmonic oscillator; he was interested in finding the quantum states which provide a close behavior to the classical one. Later, coherent states had become very important in the field quantum optics [2] . Glauber defined these states as an eigenstates of the annihilation operatorâ of the harmonic oscillator, and demonstrated that they have interesting property of minimizing the Heisenberg uncertainty relation. It is difficult to build coherent states for arbitrary quantum mechanical systems, although they were extended afterwards to different systems other than the harmonic oscillator for which they were originally built. For example, the coherent states associated to SU (2) and SU(1,1) algebras were introduced by Peremolov [3] [4] [5] [6] [7] . These states describe several systems and also have many applications in quantum optics, statistical mechanics, nuclear physics, and condensed matter physics [8] [9] [10] .
Several definitions of the coherent states have been introduced. It is firstly defined as eigenstates of the annihilation operator with complex eigenvalues. This definition is called the Barut-Girardello coherent states [11] . The second definition, often called Peremolov coherent states [3, 12] , is to construct the coherent states by acting with an unitary z−displacement operator on the ground state of the system, with z ∈ C. The last definition, often called intelligent coherent states [13, 14] . The above three definitions are equivalent only in the special case of the Heisenberg-Weyl group (harmonic oscillator). Due to this multitude of definitions of the notion of coherent states, Klauder [8] proposed a set of conditions to be obeyed by any set of coherent states. These conditions are in fact the common properties satisfied by coherent states in all the definitions presented before. This way this set of condition constitutes the minimum set of requirements on a set of states in order to deserve the nomenclature coherent states.
Recently coherent states for harmonic oscillator and other systems have attracted much attention for the past years [15, 16] and play important roles in different contexts. The nonharmonic system potentials have many applications in theoretical and experimental physics, which can be used to describe a large class of quantum mechanical systems [17, 18] . The coherent states of nonharmonic oscillators could be very helpful and bring more insights on these subjects. In this paper, we are going to construct the coherent states for these potentials following the formalism used in [19, 20] . We, then, investigate the statistical properties of these coherent states using the Mandel parameter. It will be shown that these states can exhibit a sub-Poissonian or Poissonian distribution depending on the parameters of the system. Nonlinear optical interactions have been widely employed to generate nonclassical light such as squeezed or sub-Poissonian light [21] [22] [23] [24] and superpositions of coherent states or optical bistability [25] and antibunching effects [26] [27] [28] . One of the simplest nonlinearities is the purely dispersive optical Kerr effect, in which a nonlinear refractive index modifies the phase sensitive quantum noise of an input field. The Kerr effect generates quadrature squeezing with modifying the input field photon statistics [29] . The effect of Kerr medium on the dynamics of Fisher information and entropy squeezing has been discussed also [30, 31] .
Entanglement is a very fragile phenomenon, and it is quickly deteriorated when the quantum system interacts with the environment, so, knowing the evolution of entanglement of a quantum system is of vital importance for the quantum information processing. The time evolution of entanglement for a composite system has been widely studied in recent years [32] . A lot of discussion has been devoted to the problem of disentanglement of a composite system in a finite time, despite the fact that all the matrix elements of the system decay only asymptotically, i.e., when time goes to infinity. Yu and Eberly [33, 34] coined the name entanglement sudden death to the process of finite-time disentanglement. Entanglement sudden death has recently been confirmed experimentally [35] . On the other hand, the entanglement can also be created during the evolution or one can observe revival of the entanglement as well as entanglement sudden birth [36] [37] [38] [39] .
The aim of the present paper is to propose a useful quantum system to perform different tasks of quantum information processing with optimal conditions. We study the populations, entanglement, and nonclassical properties of a system consisting of three-level atom interacting with a nonlinear Kerr medium field using the von Neumann entropy and Mandel parameter. All these quantities are studied in terms of different parameters involved in the whole system for the cases of moving and stationary atom considering real experimental meaning of the coupling constant.
The organization of the paper is as follows. In Sect. 2, we give a review on the construction of coherent states in the framework of generalized Heisenberg algebra and the minimal conditions required to obtained a coherent state. Section 3 describes the coherent states associated to the nonlinear Kerr medium field. In Sect. 4 we define the studied system and give the numerical results and discussion. Finally, in Sect. 5 we summarize the obtained results.
Coherent states of generalized Heisenberg algebra
In this section, we are going to use the generalized Heisenberg algebra (GHA) which has been introduced in Ref. [40] and construct the coherent states associated. The version of the GHA that we are going to describe is defined by the following commutation relations:
A,
where its generators (H, A, A † ) obey the hermiticity
The Casimir element of the GHA is given by
Here H is the Hamiltonian of the physical system under consideration and f (H) is an analytic function of H, called the characteristic function of the algebra. It was shown in Ref. [40] that a large class of Heisenberg algebras can be obtained by choosing the appropriate function f (H). For example, by choosing the characteristic function as f (H) = H + 1, the algebra described by Eqs. (1)- (3) becomes the harmonic oscillator algebra and for f (H) = qH + 1 we obtain the deformed Heisenberg algebra.
The irreducible representation of the GHA is given through a general vector |m which is required to be an eigenstate of the Hamiltonian. It is described as follows:
, the m-th iterate of E 0 under f , are the eigenvalues of the Hamiltonian H. A † and A are the generalized creation and annihilation operators of the GHA. This GHA describes a class of quantum systems having energy spectra written as
where E n+1 and E n are successive energy levels.
The coherent states for the GHA were previously investigated in Ref. [20] . They are defined as the eigenvalues of the annihilation operator of the GHA A|z = z|z z ∈ C, (10) and can be expressed as
The normalization factor is given by
where by definition N n ! = N 0 N 1 ···N n and by consistency N −1 ! = 1.
According to Klauder [8, 41] , the minimal set of requirements to be imposed on a state |z to be a coherent state is: (i) Normalizability z|z = 1; (13) (ii) Continuity in the label
(iii) Resolution of unity: there must exist a positive weight function W (|z| 2 ) such that
In general, the first two conditions are easily satisfied. This is not the case for the third. In fact, this condition restricts considerably the choice of the states to be considered.
Generalized coherent states for anharmonic oscillators
In this section, we shall construct and investigate the coherent states associated to nonlinear harmonic oscillators for bosonic fields which exhibit laser light propagations in a nonlinear Kerr medium using GHA. The Hamiltonian corresponding to anharmonic oscillator can be written as follows:
where a † and a are the creation and annihilation operators, respectively. Here χ defines the coupling constant which is related to the nonlinear susceptibility χ (3) of the Kerr medium.
The eigenvalue equations are given bŷ
which leads to
The above Eq. (18) shows that the energy difference between adjacent levels, ∆E n,µ = E n+1,µ − E n,µ ∝ (2n + µ + 1), increases as n increases exhibiting tightly binding systems.
The question now is to find the characteristic function of the generalized Heisenberg algebra associated with these spectra. From the above expression, we have
leading us to the expression ε n+1 = (n + 1) 
The characteristic function then, is
where we used the normalizing energies by dividing over χ. The corresponding GHA generated by the Hamiltonian H and the creation and annihilation operators A † , A is given by
The Fock space representations of the algebra generated by H, A and A † are obtained by considering the eigenstates |n of H. We can verify that N 2 n−1 = n 2 + µn, and the action of these algebra generators on |n is given by H|n = n 2 + µn |n , n = 1, 2, . . . ,
According to the scheme prescribed in the previous section, the coherent states associated to anharmonic oscillators are given by
where
and the square of the normalization function is written as 4. Three-level atom and field system in GHA coherent states
System and dynamics
In this section, we discuss the model of a moving threelevel atom with energy levels denoted by |1 , |2 and |3 , where |3 is the lower level, |2 is the middle level and |1 is the upper level. The interaction Hamiltonian of the atom interacts with the nonlinear Kerr medium field in the rotating-wave approximation can be written as [43, 44] :
whereâ(â † ) are the annihilation (creation) operator of the field mode, σ ij = |i j| are the atomic operators, ∆ is the detuning of the field mode from the atomic middle level 2 (∆ = ω − (ω 2 − ω 1 ) = ω − (ω 2 − ω 3 )) and g is the atom-field coupling constant. We deal with the one-dimensional case of atomic motion along the cavity axis and denote by λ(t) the shape function of the cavity field mode [45] [46] [47] [48] . A realization of particular interest is λ(t) = cos(kz(t)), or λ(t) = sin(kz(t)) where z(t) = βt 2 + δt is the instantaneous position of the particle inside the cavity, k is the wave number (we set k = 1) and the parameter β is the one proportional to the acceleration and δ is proportional to the velocity. For the case in which δ = β = 0, the standard TCM can be obtained. It is interesting to refer to the time dependence coupling which has been considered by different ways. For example the usual JCM is considered taking into account the effects of stochastic phase fluctuations through modulating the coupling parameter to include the time. In this case a decoherence effect in the collapse and revival phenomenon of the Rabi oscillations is observed [49] . It is also noted that the problem of the interaction between atom and field when considered via the quadratic invariant the effect of the time is apparent through the coupling parameter.
Entanglement
In this paper we assume that if the atom is initially in the upper state |z, 1 and the input field initially in the GHA coherent states, then the combined atom-field system is |ψ(0) = |z, 1 . The final state vector |ψ(t) at any time t > 0 can be evaluted as follows:
Now, we calculate the amount of entanglement of the atom-field density matrix, ρ(t) =Û (t)ρ(0)Û † (t), and investigate the influence of the parameters involved in the state on the entanglement degree. The entanglement of the atom-field state can be quantified in terms of the von Neumann entropy [50] , which is generally defined for a bipartite state ρ AB as
where ρ A = Tr B (ρ AB ) is the reduced density matrix of system A, and r i are its eigenvalues. Here the von Neumann entropy indicates the degree of purity of the subsystem A.
The Mandel parameter
The Mandel parameter is used for the physical and statistical properties of the anharmonic oscillator states and compare them with the Glauber coherent states during the time evolution. The Mandel parameter is defined as [5, 6] :
is the average photon number of the state, and
We believe this to be a better test than calculating the overlap of the anharmonic coherent states with the ordinary coherent states (the Glauber coherent states) because for the latter, which has a Poissonian photon number distribution, one obtains Q M = 0. If for some states Q M > 0 the states are said to be super-Poissonian while if −1 ≤ Q M < 0 they are said to be sub-Poissonian.
Let us now present the main results for the effect of different parameters on the evolution of the quantum von Neumann entropy S, the Mandel parameter Q M , and population transfer of the atom ρ ii . We recall that the time t has been scaled; one unit of time is given by the inverse of the coupling constant λ(t).
In Figs. 1 and 2 , we display S(t), Q M (t), and ρ ii (t) versus the scaled time for various values of the detuning ∆ with |z| = 8 and µ = 1.5 when the atomic motion effect is neglected. For other values of |z| and ν the graph keeps the same shape but with different numerical values of course. From the figures, we find that the entanglement behavior has a different order as functions of the scaled time. After an initial change with slow oscillatory, the von Neumann entropy tends to stabilization with very rapid oscillatory behavior for significantly high values of the scaled time, which means that the atom is trapped by the nonlinear optical field. We also notice that in this limit, the degree of entanglement attains its maximal value. On the other hand, we find that the Mandel parameter satisfies the inequality −1 ≤ Q M < 0 indicating the sub-Poissonian distribution of the photons. Moreover, we find that this parameter decreases with increasing scaled time showing that the nonlinear field becomes more quantum mechanical, i.e., the field state gets further from the Glauber coherent states in this limit. From this result, we find that the increase in the Mandel parameter value for the nonlinear Kerr medium field may enhance the entanglement in the whole system. The variation of probabilities ρ 11 , ρ 22 , and ρ 33 with time shows that populations exhibit collapse and revival phenomena during the time evolution. From another side, the depen- dence on the detuning ∆ shows that the augmentation in this parameter may restraint the random behavior of the different physical quantifiers during the time evolution.
In Figs. 3 and 4 , we introduce the case of atomic motion where the coupling constant depends on the time evolution. Here, we consider a more practical situation of the interaction between the three level atom and nonlinear optical fields. In general, the different physical quantities in this considered case exhibit a periodic behavior during the time evolution. The dependence of the atomic motion on the von Neumann entropy properties shows that the entanglement exhibits the sudden death and sudden birth phenomena. Moreover, we observe that there is a connection between the entanglement and populations behavior where they have the same periodicity and the amplitude of von Neumann decreases with a temporal disentangled time. We find the relationship between the nonclassicality of the field and entanglement does not depend on the parameter motion. From these results, we show that the atomic motion effect may enhance the system periodicity exploring totally different physics compared to the ordinary case, which motivates the reexamination of many physical quantities.
Conclusion
In this paper, we have proposed a proper system to perform different tasks of quantum information processing with optimal conditions. We studied the populations, entanglement, and nonclassical properties of a system consisting of three-level atom interacting with a nonlinear Kerr medium field constructed in the framework of generalized Heisenberg algebra. We have quantified these quantities in terms of different parameters involved in the whole system considering the case of moving and stationary atom. We have explored the relationship between the degree of nonlinearity of the field and robust of entanglement during the time evolution. On the other hand, we have found that the atomic motion effect may enhance the system periodicity exhibiting totally different physics compared to the ordinary case, which motivates the reexamination of many physical quantities. These features make the considered atom-field system under the Kerr medium effect as a good candidate for implementation of different schemes of quantum optics and information with perfect conditions.
